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1

Example Sheet 1

Example 1.1

Without loss of generality, we consider systems of reference in which y and z coordinates are
perpendicular to the connecting line of events of interest in spacetime.

∆s2 = c2∆t2 −∆x2

Transform rules:

c∆t′ = γ(c∆t − β∆x) = c∆t coshψu −∆x sinhψu

∆x′ = γ(∆x − βc∆t) = ∆x coshψu − c∆t sinhψu

Proof by construction:

(a)

time-like: ∆s2 > 0

c2∆t2 −∆x2 > 0

−1 <
∆x

c∆t
< 1

To find S ′ where ∆x = 0, we simp;y require ∆x
c∆t

= tanhψu which can always be found for
real rapidity −1 < ψu < 1.

(b)

space-like: ∆s2 < 0

c2∆t2 −∆x2 < 0

−1 <
c∆t

∆x
< 1

To find S ′ where ∆t = 0, we simp;y require c∆t
∆x

= tanhψu which can always be found for
real rapidity −1 < ψu < 1.

Example 1.2

(a)

In S, ∆t = tB − tA > 0, ∆x = 0.
In all frames S ′,

∆t′ = ∆t coshψu

∆t′ ≥ ∆t > 0

t′B > t′A

3



1 1.3

(b)

If event A causes event B, ∆t = tB − tA ≥ ∆r
c
≥ 0,

∆t = ∆t coshψu −
∆r

c
sinhψu ≥ ∆t(coshψu − sinhψu) ≥ 0

∆s2 = c2∆t2 −∆2 ≥ 0

c2∆t′2 −∆r′2 ≥ 0

∆t ≥ |∆r
′|

c
in all frames. �

Example 1.3

(a)

x′ = 0
ct′-axis

x′ = a x′ = 2a x′ = 3a x′ = 4a

ct′ = 0 x′-axis

ct′ = 1a

ct′ = 2a

ct′ = 3a

ct′ = 4a

ct-axis

x-axis

θt

θx

x′ = x coshψv − ct sinhψv

ct′-axis: x coshψv − ct sinhψv = 0

θt = tan−1

(
sinhψv
coshψv

)
θt = tan−1

(
βγ

γ

)
= tan−1

(
v

c

)
Similarly

ct′ = ct coshψv − x sinhψv

x′-axis: ct coshψv − x sinhψv = 0

4



1 1.3

θx = tan−1

(
ct

x

)
θx = tan−1

(
βγ

γ

)
= tan−1

(
v

c

)

(b)

ct-axis

x-axis

x = ct

x = −ct

ct′axis

x′-axis

∆S > 0

∆S < 0

a
a

a
a

-a-a

-a

-a

∆s2 = c2t2 − x2

Since we are interested in constant ∆s2 curves,(
∂∆s2

∂x

)
∆s2

= 0 = 2ct

(
∂ct

∂x

)
∆s2
− 2x

If the curve does intersect the ct-axis, at x = 0, we have(
∂ct

∂x

)
∆s2

= 0 =⇒ curve is parallel to x-axis

Similarly, taking derivative with respect to ct, we get(
∂∆s2

∂ct

)
∆s2

= 0 = 2x

(
∂x

∂ct

)
∆s2
− 2ct

5



1 1.4

which means at ct = 0 (intersecting x-axis)(
∂x

∂ct

)
∆s2

= 0 =⇒ curve is parallel to ct-axis

These curves intersect the coordinate axes of different S ′ frames at the same values of x′

or t′, as shown in the plot above. The new axes can then be calibrated linearly with respect
to the test length x′ =

√
−∆s2, ct′ =

√
∆s2

(c)

ct-axis

x-axis

ct′axis

x′-axis
a

a

a

a

A rod l′ = a
at rest in S ′

Measured length
l < a in S.

A clock at rest in
S ′ measures ct′ = a

ct > a in S so clock is dilated

Example 1.4

Dissolve the 3-vector coordinate r = (x, y, z)T into components parallel and perpendicular to
β

~r =

parallel︷ ︸︸ ︷
r · β
β2

~β +

perpendicular︷ ︸︸ ︷
~r − r · β

β2
~β

6



1 1.5

r‖ =
(βxx+ βyy + βzz)

β
~r⊥ =

x−
(βxx+βyy+βzz)

β2 βx

y − (βxx+βyy+βzz)

β2 βy

z − (βxx+βyy+βzz)

β2 βz


Then the rules for the components can be applied respectively:

ct′ = γ(ct− βr‖)

~r = γ(r‖ − βct)
~β

β
+ ~r⊥

Reorganised into matrix equations
ct′

x′

y′

z′

 =


γ −γβx −γβy −γβz
−γβx γ β

2
x

β2 γ βxβy
β2 γ βxβz

β2

−γβy γ βyβx
β2 γ

β2
y

β2 γ βyβz
β2

−γβz γ βzβx
β2 γ βzβy

β2 γ β
2
z

β2



ct
x
y
z

+


0 0 0 0

0 1− β2
x

β2 −βyβx
β2 −βzβx

β2

0 −βxβy
β2 1− β2

y

β2 −βzβy
β2

0 −βxβz
β2 1− βyβz

β2 −β2
z

β2



ct
x
y
z



ct′

x′

y′

z′

 =


γ −γβx −γβy −γβz
−γβx 1 + αβ2

x αβyβx αβzβx
−γβy αβxβy 1 + αβ2

y αβzβy
−γβz αβxβz αβyβz 1 + αβ2

z



ct
x
y
z


Example 1.5

Writing down the transformation law from ZMF to S ′ which is the rest frame of the backward-
moving particle

ct′ = γ(ct− βx)

x′ = γ(x− βct)

Plug in x = vt

ct′ = γ(c− βv)t =
c2 + v2

c2

√
1− v

c
2
ct

x′ = γ(v − βc)t =
2v√

1− v
c

2
t

=⇒ v′ =
x′

t′
=

2v

1 + v
c

2
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1 1.6

Example 1.6

(a)

The direction of the rdv parallel to the direction of motion is contracted:

lx = γ−1l0 cos θ′

The direction perpendicular to the motion is unchanged. That gives

θ = tan−1

(
γ sin θ′

cos θ′

)

(b)

Write down the transform rules in standard configuration and plug in x′ = u′t′ cos θ, y =
u′t′ sin θ: ctx

y

 =

 γ +γβ 0
+γβ γ 0

0 0 1


 ct′

u′t′ cos θ′

u′t′ sin θ′

 =

γ(c+ βu′ cos θ′)
γ(u′ cos θ′ + βc)

u′ sin θ′

 t′

The angle observed in S frame is θ = tan−1
(

u′ sin θ′

γ(u′ cos θ′+v)

)
. If the bullet was a photon,

θ = tan−1
(√

c2−v2 sin θ′

c cos θ′+v

)
Example 1.7

In S ′ frame, the angular distribution of photons is

P ′(θ′)dθ′ =
sin θ′

2
dθ′

P (0 ≤ θ′ ≤ θ′0) = −cos θ′

2

∣∣∣∣θ′0
0

=
1− cos θ′0

2

If θ is the angle that the photon makes with respect to the motion of the π-mesons. As

computed in question 6.(b), the transformation rule of θ is θ = tan−1
(√

c2−v2 sin θ′

c cos θ′+v

)
. Applying

reverse transform, θ′ = tan−1
(√

c2−v2 sin θ
c cos θ−v

)
.

Substitute in P ,

P (θ) = −1

2

d cos θ′(θ)

dθ

P (θ) = −1

2

d

dθ

√
1

1 + (c2−v2) sin2 θ
c(cos θ−v)2

= −1

2

d

dθ

√
(c cos θ − v)2

c2 cos2 θ − 2vc cos θ + v2 + (c2 − v2) sin2 θ

8



1 1.8

P (θ) = −1

2

d

dθ

(
c cos θ − v
c− v cos θ

)
P (θ) = −1

2

(−c sin θ(c− v cos θ)− v sin θ(c cos θ − v)

(c− v cos θ)2

)
P (θ) =

1

2

sin θ(c2 − v2)

(c− v cos θ)2

P (θ) =
sin θ

2γ2(1− β cos θ)2

Example 1.8

(a)

(
c dt′

dx′

)
=

(
γ −γβ
−γβ γ

)(
c dt
dx

)
Here, β and γ denote constant factors at a specific time

a′x =
d

dt′
dx′

dt′
= c

d

dt′
γu− γβc
γc− γβu

a′x = c
d

dt′
γu− γβ
γc− γβu

a′x =
c2

(γc− γβu)

d

dt

γu− γβ
γc− γβu

a′x =
1

(1− u
c

2)
3
2

ax

Now we have the acceleration transform rules between the instantaneous rest frames of the
moving spaceship and an inertial frame

du

dt
=

1

γ3
f(τ)

du

dτ
=

dt

dτ

du

dt

=
c

γ4(c− βu)
f(τ)

=
1

γ2
f(τ)

1

1− u
c

2

du

dτ
= f(τ)∫ τ

0

dτc
d tanh−1 u

c

dτ
=

∫ τ

0

dτf(τ)

9



1 1.9

c tanh−1 u

c
− c tanh−1 u0

c
= cψ(τ)

u(τ)− u0

1− u(τ)u0
c2

= c tanhψ(τ)

For u(τ) to reach c, any finite proper acceleration has to be supplied for a infinite period of
time.

(b)

∫ τa

0

dt(τ) u = ∆x∫ τa

0

dτ c cosh
gτ

c
tanh

gτ

c
= ∆x∫ τa

0

dτ c sinh
gτ

c
= ∆x

c2

g

(
cosh

gτa
c
− cosh 0

)
= ∆x

cosh
gτa
c

=
g∆x

c2
+ 1

τa = 3.02 years (taking g = 9.8ms−2)

Example 1.9

Constant x′1 hypersurface equation in Cartesian coords: x1 +x2 = const. i.e. a plane parallel
to x3 − axis;

Constant x′2 hypersurface equation in Cartesian coords: x1 − x2 = const. i.e. another
plane parallel to x3-axis;

Constant x′3 hypersurface equation in Cartesian coords: x3 − 1
2

[
(x1)2 − (x2)2

]
= const.

i.e. a surface constituted of stacked hyperbolae.

g′ab = δcd
∂xc

∂x′a
∂xd

∂x′b
=

 1 1 0
1 −1 0

2x′2 2x′2 1


T

ac

 1 1 0
1 −1 0

2x′2 2x′2 1


cb

g′ab =

2 + 4(x′2)2 4x′2x′1 2x′2

4x′2x′1 2 + 4(x′1)2 2x′1

2x′2 2x′1 1


ab

In general gab 6=0 for a 6= b, so the coordinate system is not orthogonal.

dV =
√
g dx′1 dx′2 dx′3

10



1 1.10

x1

x2

x3

Surface x′3

Surface x′2

Surface x′1

Figure 1: Sections of examples of such surfaces

dV = dx′1 dx′2 dx′3
√

2(2 + 4(x′2)2)− 8(x′2)2

dV = 2 dx′1 dx′2 dx′3

Example 1.10

x2 + y2 + z2 + w2 = a2

w dw = − (x dx+ y dy + z dz)

ds2 = dx2 + dy2 + dz2 +
(x dx+ y dy + z dz)2

a2 − x2 − y2 − z2

Let x = r sin θ cosφ, y = r sin θ sinφ, z = r cos θ, r = a sinχ

ds2 =
a2

a2 = r2
dr2 + r2 dθ2 + r2 sin2 θ dφ2

ds2 = a2(dχ2 + sin2 χ(dθ sin2 θ dφ2))

Metric for this 3D Riemannian space:

gab = a2

1
sin2 χ

sin2 χ sin2 θ



V =

∫∫∫ 2π,π,π

0,0,0

√
a6 sin2 χ sin2 χ sin2 θ dχ dθ dφ

11



1 1.10

= a32π

∫∫ π,π

0,0

sin2 χ sin θ dχ dθ

= 2π2a3

The embedded 2-Sphere defined by χ = χ0 has line element

ds2 = a2 sin2 χ0(dθ2 sin2 θ dφ2)

Therefore its metric is

gab = a2 sin2 χ0

(
1

sin2 θ

)
The area is

A =

∫∫ 2π,π

0,0

√
(a2 sin2 χ0)2 sin2 θ dθ dφ

= 4πa2 sin2 χ0

12
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Example Sheet 2

Example 2.1

(a)

e′a =
∂

∂x′a

=
∂xb

∂x′a
eb

e′1 = e1 + e2 + 2x′2e3

e′2 = e1 − e2 + 2x′1e3

e′3 = e3

These are the tangent vectors to the intersections of the coordinate surfaces.

g(ea, eb) = δab

g(e′a, e
′
b) =

2 + 4(x′2)2 4x′2x′1 2x′2

4x′2x′1 2 + 4(x′1)2 2x′1

2x′2 2x′1 1


ab

= g′ab

Example 2.2

v = e1

v = vaea =⇒ va = (1, 0, 0)T , va = δabv
b = (1, 0, 0)

v′a =
∂xb

∂x′a
vb = (1, 1, 0)

v′a =
∂x′a

∂xb
vb =

(
1

2
,
1

2
,−x′1 − x′2

)

Example 2.3

(a)

AabTab = Aab(T(ab) + T[ab])

AabTab = AabT(ab) + AabT[ab]

Using (anti)symmetry under exchange of dummy indices, we have

AabT(ab) = −AbaT(ba) = 0

13



2 2.3

=⇒ AabTab = AabT[ab]

Similarly,
SabT[ab] = −SbaT[ba] = 0

SabTab = SabT(ab)

(b)

A′ab = ∂′bv
′
a − ∂′av′b

=
∂

∂x′b

(
∂xc

∂x′a
vc

)
− ∂

∂x′a

(
∂xc

∂x′b
vc

)
=
∂xd

∂x′b
∂

∂xd

(
∂xc

∂x′a
vc

)
− ∂xd

∂x′a
∂

∂xd

(
∂xc

∂x′b
vc

)
=
∂xd

∂x′b
∂xc

∂x′a
∂vc
∂xd
− ∂xc

∂x′a
∂xd

∂x′b
∂vd
∂xc

+ vc

(
∂xd

∂x′b
∂2xc

∂xd∂x′a
− ∂xd

∂x′a
∂2xc

∂xd∂x′b

)

=
∂xd

∂x′b
∂xc

∂x′a
∂vc
∂xd
− ∂xc

∂x′a
∂xd

∂x′b
∂vd
∂xc

+ vc

(
∂2xc

∂x′b∂x′a
− ∂2xc

∂x′a∂x′b

)

=
∂xc

∂x′a
∂xd

∂x′b
Acd �

The components of Aab does transform like a type-(0, 2) tensor.

Babc =
∂Aab
∂xc

+
∂Abc
∂xa

+
∂Aca
∂xb

B′abc =
∂xg

∂x′c
∂

∂xg
∂xe

∂x′a
∂xf

∂x′b
Aef +

∂xg

∂x′a
∂

∂xg
∂xe

∂x′b
∂xf

∂x′c
Aef +

∂xg

∂x′b
∂

∂xg
∂xe

∂x′c
∂xf

∂x′a
Aef

=
∂xg

∂x′c
∂xe

∂x′a
∂xf

∂x′b
∂Aef
∂xg

+
∂xg

∂x′a
∂xe

∂x′b
∂xf

∂x′c
∂Aef
∂xg

+
∂xg

∂x′b
∂xe

∂x′c
∂xf

∂x′a
∂Aef
∂xg

+ Aef

 ∂xg

∂x′c

(
∂2xe

∂xg∂x′a
∂xf

∂x′b
+

∂2x′f

∂xg∂x′b
∂xe

∂x′a

)
+
∂xg

∂x′b
· · ·+ ∂xg

∂x′a
. . .


big chunky term = Aef

( ∂2xe

∂x′c∂x′a
∂xf

∂x′b
+

∂2x′f

∂x′c∂x′b
∂xe

∂x′a

)
+ · · ·+ . . .


but Aef is antisymmetric in every frame by construction, so

big chunky term = Aef

( ∂2xe

∂x′c∂x′a
∂xf

∂x′b
− ∂2x′e

∂x′c∂x′b
∂xf

∂x′a

)
+ · · ·+ . . .


denote

∂2xe

∂x′c∂x′a
∂xf

∂x′b
as Θef

cab, Θ is symmetric under exchange of first two lower indices

14



2 2.4

big chunky term = Aef

(
Θef
cab −Θef

bca + Θef
abc −Θef

cab + Θef
bca −Θef

abc

)
= 0

B′abc =
∂xg

∂x′c
∂xe

∂x′a
∂xf

∂x′b
∂Aef
∂xg

+
∂xe

∂x′a
∂xf

∂x′b
∂xg

∂x′c
∂Afg
∂xe

+
∂xf

∂x′b
∂xg

∂x′c
∂xe

∂x′a
∂Age
∂xf

B′abc =
∂xg

∂x′c
∂xe

∂x′a
∂xf

∂x′b

(
∂Aef
∂xg

+
∂Afg
∂xe

+
∂Age
∂xf

)
=
∂xg

∂x′c
∂xe

∂x′a
∂xf

∂x′b
Babc

Babc is antisymmetric under exchange of any two indices.

Example 2.4

(a)

g = det(gab)

1

g
∂cg = Tr

(
gab∂cgbc

)
∂cg = ggab∂cgba

∂cg = ggab∂cgab using symmetry of gab

(b)

∇cgab = ∂cgab − Γdcagdb − Γdcbgda

= ∂cgab −
1

2
gde
[
(∂cgae + ∂agce − ∂egac)gdb + (∂cgbe + ∂bgce − ∂egbc)gda

]
= ∂cgab −

1

2

[
(∂cgab + ∂agcb − ∂bgac) + (∂cgba + ∂bgca − ∂agbc)

]
= ∂cgab −

1

2
[∂cgab − ∂cgba]

= 0

(c)

Γabc =
1

2
gae(∂bgce + ∂cgbe − ∂egbc)

Turn off summation convention for the rest of this question

Γabc =
1

2

∑
e

gae(∂bgce + ∂cgbe − ∂egbc)

15



2 2.5

Using gab is diagonal, we have

Γabc =
1

2
gaa(∂bgccδac + ∂cgbbδab − ∂agbcδbc)

For a 6= b 6= c,
δab, δbc, δac = 0 =⇒ Γabc = 0

If two of the indices are the same, we can get

Γaac =
1

2
gaa∂cgaa = Γaca Γabb = −1

2
gaa∂agbb

If all three indices are the same,

Γaaa =
1

2
gaa∂agaa

But for diagonal matrices, the diagonal entry of the inverse metric is the reciprocal of the
diagonal entry, i.e.

gaa = g−1
aa

We can thus rearrange into

Γaac = ∂c ln
(√
|gaa|

)
= Γaca Γabb = − 1

2gaa
∂agbb

Example 2.5

ds2 = dρ2 + ρ2dφ2

gab =

(
1

ρ2

)
ab

(a)

From the last question, we know that the only possible nonzero connection coefficients are

Γρρφ = Γρρφ = ∂φ ln(1) = 0

Γφρφ = Γφφρ = ∂ρ ln(ρ) =
1

ρ

Γρφφ = −1

2
∂ρρ

2 = −ρ

Γφρρ = − 1

2ρ2
∂φ1 = 0

16



2 2.6

(b)

∇av
a = ∂av

a + Γaabv
b

= ∂ρv
ρ + ∂φv

φ +
1

ρ
vρ

=
vρ + ρ∂ρv

ρ

ρ
+ ∂φv

φ

=
∂ρ(ρv

ρ)

ρ
+ ∂φv

φ

To translate this result in terms of an orthonormal basis vector, we use ṽφ = ρvφ such that
|v|2 = v2

ρ + ṽ2
φ, and obtain1

∇′av′a =
∂ρ(ρv

ρ)

ρ
+

1

ρ
∂φṽ

φ

(c)

Laplacian of a scalar field is given by

∇2f = ∇a(∇af)

= gba∇b(∂af)

=
∂ρ
(
ρ∂ρf

)
ρ

+
1

ρ2
∂2
φf

Example 2.6

ds2 = dθ2 + sin2 θdφ2gab =

(
1

sin2 θ

)
ab

(a)

Again we use the results from question 3. The only possible nonzero connection coefficients
of this coordinate system are

Γθφθ = Γθθφ = ∂φ ln(1) = 0

Γφθφ = Γφφθ = ∂θ ln(sin θ) = cot θ

1ṽφ is not a vector component, nor is the “normalised basis” a basis, in the sense that is usually used in
this course.

17



2 2.6

Γφθθ = − 1

2 sin2 θ
∂φ1 = 0

Γθφφ = −1

2
∂θ sin2 θ = − sin θ cos θ

(b)

L = gabẋ
aẋb

∂L

∂xc
=

d

du

∂L

∂ẋc

∂gab
∂xc

ẋaẋb =
d

du
gab

(
δac ẋ

b + ẋaδbc

)
∂gab
∂xc

ẋaẋb = 2
d

du

(
gcbẋ

b
)

On the surface of a sphere

2 sin θ cos θφ̇2 = 2
dθ

du

0 = θ̈ − sin θ cos θφ̇2

0 = 2
d

du

(
sin2 θφ̇

)
0 = sin2 θ

(
cot θ φ̇θ̇ + φ̈

)

As we would’ve obtained from (a).

θ̈ + Γθφφφ̇
2 + 0 + 0 + . . . = 0

and φ̈+ Γφφθφ̇θ̇ + 0 + 0 + . . . = 0

For a circle of constant latitude on a sphere θ is a constant. For this to satisfy geodesic
equations

0 = − sin θ cos θ φ̇2

0 = φ̈

which gives cos θ = 0 =⇒ θ = π
2
, the equator. In general u, the affine parameter is linear in

φ.
(sin θ = 0 is not accepted because the coordinate system is degenerate at the north and

south poles.)

18



2 2.6

(c)

v = 1eθ
Dva

Dφ
= 0

dva

dφ
+

dxb

dφ
Γabcv

c = 0

dvθ

dφ
+

dθ

dφ
Γθθcv

c +
dφ

dφ
Γθφcv

c = 0

dvθ

dφ
− sin θ cos θvφ = 0

dvφ

dφ
+ Γφφcv

c = 0

dvφ

dφ
+ cot θ vθ = 0

Solving the two equations and plug in initial conditions

sin θ cos θvφ = − tan θv̈φ

− cos2 θ0v
φ = v̈φ

vφ = A sin(φ cos θ0)

vθ = sin θ0A
(
1− cos(φ cos θ0)

)
+ 1

=⇒ A = − 1

sin θ0

vφ = − 1

sin θ0

sin(φ cos θ0)

vθ = cos(φ cos θ0)

After parallel transport, we will have

vφ = − 1

sin θ0

sin(2π cos θ0) vθ = cos(2π cos θ0)

which is not the same as what we started with, but

vav
a =

(
vθ
)2

+ sin2 θ0

(
vφ
)2

= 1

throughout the transport.
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2 2.7

Example 2.7

If C is a geodesic in M, the distance between the points along C is extremal among the set
of distances of all other curves, that is, including the set of distances of other curves in H.
Therefore, C is also by definition a geodesic in H.

The converse can be falsified by the following counterexample.

A

B

H

M

geodesic in H

geodesic in M

In Euclidean spacetime, the blue curve is a geodesic in H because it is the shortest path
connecting A and B. However, it is not a geodesic inM, as there are shorter paths connecting
A and B.

Example 2.8

hypersurface H: M dimensions

Euclidean space: N > M dimensions

(a)

Consider ds2 which is invariant,

ds2 = δab dxa dxb = gIJ duI duJ

δab
∂xa

∂uI
∂xb

∂uJ
duI duJ = gIJ duI duJ

gIJ = δab
∂xa

∂uI
∂xb

∂uJ

(b)

Start with the explicit form of the metric connection

ΓLJK =
∂2xa

∂uJ∂uk
∂uL

∂xa

20



2 2.8

gILΓLJK = δbc
∂xb

∂uI
∂xc

∂uL
∂2xa

∂uJ∂uk
∂uL

∂xa

gILΓLJK = δbc
∂xb

∂uI
∂2xa

∂uJ∂uk
δca

gILΓLJK = δab
∂xa

∂uI
∂2xb

∂uJ∂uk

(c)

The vector A is invariant under coordinate transform, i.e.

AIeI = Aaea

AI
∂

∂uI
= Ab

∂

∂xb

AI
∂xa

∂uI
= Ab

∂xa

∂xb

AI
∂xa

∂uI
= Abδab

AI
∂xa

∂uI
= Aa

(d)

Given that the components of A are fixed in the embedding Euclidean space, we have

P Q
A‖

A⊥

Aa(Q) = Aa(P ) = AI(P )
∂xa

∂uI

∣∣∣∣
P

The vector Aa(Q)ea is not a vector in the hypersurface H, but can be decomposed into
components parallel and perpendicular to the tangent space at Q,

Aa(Q)ea = Aa‖ea + Aa
⊥ea
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2 2.9

where Aa‖ea, lying in the tangent space, can be expressed as AI‖(Q) ∂xa

∂uI

∣∣∣
Q

. Now we have

AI(P )
∂xa

∂uI

∣∣∣∣
P

ea = AI‖(Q)
∂xa

∂uI

∣∣∣∣
Q

ea + Aa⊥ea

Given the basis vectors are mutually orthogonal we can write the above as a vector equation

AI(P )
∂xa

∂uI

∣∣∣∣
P

= AI‖(Q)
∂xa

∂uI

∣∣∣∣
Q

+ Aa⊥

Approximating to first order,

AI‖(Q) = AI(P ) + δAI

∂xa

∂uI

∣∣∣∣
Q

=
∂xa

∂uI

∣∣∣∣
P

+
∂2xa

∂uI∂uJ

∣∣∣∣∣
P

δuJ +O(δuJ
2
)

0 = δAI
∂xa

∂uI

∣∣∣∣
P

+ AI(P )
∂2xa

∂uI∂uJ

∣∣∣∣∣
P

δuJ + Aa⊥

0 = δabδA
I ∂x

a

∂uI
∂xb

∂uK
+ δabA

I ∂2xa

∂uI∂uJ
∂xb

∂uK
δuJ

δAI
∂xb

∂uI
∂xb

∂uK
= −AI ∂2xb

∂uI∂uJ
∂xb

∂uK
δuJ

gIKδA
I = −δab

∂xb

∂uK
∂2xa

∂uI∂uJ
AIδuJ

gIKδA
I = −gKLΓLIJA

IδuJ using (a)

gIKδA
I = −gKIΓILJALδuJ where we swapped dummies L and I

δAK = −ΓKJLA
LδuJ relabeled I → K

The same as what we would’ve obtained from the parallel transport equation,

δAK + ΓKJL(P )AL(P ) δuJ =
DAK

Dt
δt = 0

where t is an affine paramter for the curve along which the vector is transported.

Example 2.9

(a)

uµ =
dt

dτE
(c, ~u) vµ =

dt

dτR
(c, ~v)
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2 2.10

Since uµv
µ is an invariant object we can always move to the frame where ~u = 0, |~v| = V ,

where dt
dτE

= 1

uµv
µ

=ηµνu
νvν

=
dt

dτV

(
c2 − 0 ·V

)
=γV c

2

(b)

The photon 4-momentum has expression

pµ =
E

c2

dxµγ
dt

uµpµ is an invariant object, so we can simply evaluate it in the rest frame of E .

uµpµ = (c, 0)

(
Eγ
c
, ~p

)
= Eγ = hνE

Similarly
vνpν = hνR

and we have
νE
νR

=
uµpµ
vνpν

Example 2.10

Proper acceleration is given by

aµ =
duµ

dτ

= γu
d

dt

[
γu(c, ~u)

]
= γu

[
γ3
u

u · a
c2

(c, ~u) + γu(0, a)

]
= γ4

u

u · a
c2

(c, ~u) + γ2
u(0,~a)

−α2 = aµa
µ = γ8

u

(u · a)2

c4
(c2 − u2)− 2γ6

u

(u · a)2

c2
− γ4

ua · a

α2 = γ6
u

(u · a)2

c2
+ γ4

ua · a
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2 2.10

If the motion in S is circular with radius r, we will have

a =
u2

r
r̂ u · a = 0

which gives

α =
c2u2

(c2 − u2)r

24



3

Example Sheet 3

Example 3.1

Let the four-momenta of the incident and stationary electrons before and after the collision
in the lab frame be

pµ = (mc,~0) qµ = (γumc, ~q) p̄µ = (
Ē1

c
, ~̄p) q̄µ = (

Ē2

c
, ~̄q)

respectively, we have conservation of 4 momenta throughout the process

pµ + qµ = p̄µ + q̄µ

In the zero momentum S ′ frame, ~p = −~q, and
∣∣~̄q∣∣ = |~q| =

∣∣~̄p∣∣ = |~p|, so we can draw

ZMF

p′ q′

q̄′

θ′

θ′

p̄′

Write down the transform rules in with the incident particle velocity along x plug in x′q =
u′t′ cos θ, yq = u′t′ sin θ:ctxq

yq

 =

 cosh ψu
2

+ sinh ψu
2

0

+ sinh ψu
2

cosh ψu
2

0
0 0 1


 ct′

u′t′ cos θ′

u′t′ sin θ′

 =

cosh ψu
2

(c+ βu′ cos θ′)
cosh ψu

2
(u′ cos θ′ + βc)
u′ sin θ′

 t′

lab

q

q̄

θ

φ

p̄

The angles observed in S frame have

tan(π − θ) tanφ =
sinh2

(
ψu
2

)
sin2(θ′)

cosh2
(
ψu
2

)
sinh2

(
ψu
2

)(
cos2(θ′)− 1

)
25



3 3.2

tan θ tanφ =
1

cosh2
(
ψu
2

)
tan θ tanφ =

2

cosh2
(
ψu
2

)
+ sinh2

(
ψu
2

)
+ 1

tan θ tanφ =
2

γu + 1

In the Newtonian limit for momentum and kinetic energy which is quadratic in momentum
to be simulataneously conserved,

q̄2 + p̄2 = q2 p⊥

(
1

tan θ
+

1

tanφ

)
= q

p̄2 cos2(θ) +
2p2
⊥

tan θ tanφ
+ p̄2 cos2(φ) = p̄2 + q̄2

2p2
⊥

tan θ tanφ
= 2p2

⊥

tan θ tanφ = 1

Which coincides with the limit u→ 0, 2
γu+1

→ 1− u2

4c2
≈ 1.

Example 3.2

In the mirror frame, the photon has 4-momentum (z-axis omitted)

p′µ =

 hν′

c
hν′

c
cos θ′

hν′

c
sin θ′


which gives the invariant quantity

ηνµp
ν
mirrorp

µ
photon = hν ′mmirror = hνγvmmirror(1− β cos θ)

where β = v
c
, and the frequency shift

ν ′ = γvν(1 + β cos θ)

After reflection, conserving energy and momentum parallel to the mirror plane,

p̄′µ =

 hν′

c

−hν′

c
cos θ′

hν′

c
sin θ′


26



3 3.3

A similar invariant quanity gives

ν ′ = γvν̄(1− β cosφ)

ν̄

ν
=

1 + β cos θ

1− β cosφ

where φ is the reflected angle. Requiring the momentum component parallel to the mirror
conserved in lab frame, we have

p̄ν =
hν̄

c

 1
− cosφ
sinφ


hν̄

c
sinφ =

hν

c
sin θ

ν̄

ν
=

sin θ

sinφ
1− β cosφ

sinφ
=

1 + β cos θ

sin θ

sinφ = sin θ
1 + β cos θ ± β(β + cos θ)

β2 + 2β cos θ + 1

sinφ =
sin θ

γv(1 + β2 + 2β cos θ)

So the reflected frequency is

ν̄ = γv
(
1 + β2 + 2β cos θ

)
ν

Example 3.3

Assume that a electron did emit a single photon. In the electron’s initial rest frame

Einit = mec
2 pinit = 0

Efinal =
√
mec2 + p2

ec
2 + hν pfinal =

hν

c
− pe

For both quantities to be conserved, the only solution for ν is 0, so no single photon can be
emitted from an electron.

Similarly, assume that a massive did emit a single photon. In the particle’s initial rest
frame

Einit = mc2 pinit = 0

Efinal = hν pfinal =
hν

c

The two conservation conditions cannot be simultaneously satisfied, so no massive particle
can decay into a single photon.
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3 3.4

Example 3.4

(a)

The total 4-momentum is conserved, so

lab

p2 = −γmpup1 = γmpu∑
~pafter = 0 2γumc

2 = Ep1 + Ep2 + Eπ

The minimum total kinetic energy for the reaction to occur is when Ep1 = Ep2 = mpc
2, Eπ =

mπc
2

Ek,min = 2(γu − 1)mpc
2 = mπc

2

(b)

If one of the protons is stationary, denote the speed of the the incident proton v, and transfer
to zero momentum frame, which is reduced to the scenario in (a).

E ′k = 2(γu − 1)mpc
2 = mπc

2

transform back into lab frame by a Lorentz boost of ur,

(ZMF energies) E ′1 = E ′2 =
mπc

2

2
+mpc

2 = cosh(ψu)mpc
2

E1 = cosh(ψu + ψur)mpc
2

E2 = cosh(ψu − ψur)mpc
2

For one of the particles to become stationary, simply require ur = u, which gives minimum
kinetic energy in lab frame

Ek = γvmpc
2 −mpc

2

Ek =
(

2 cosh2(ψu)− 1
)
mpc

2 −mpc
2

Ek =

2

(
mπ

2mp

+ 1

)2

− 1

mpc
2 −mpc

2

Ek =

[
m2
π

2m2
p

+
2mπ

mp

+ 1

]
mpc

2 −mpc
2

Ek =

(
mπ

2mp

+ 2

)
mπc

2
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3 3.5

Example 3.5

(a)

The second field equation consists of even permutations of σµν, a field equation of odd
permutations can be generated using antisymmetry of Fµν .

∂σFµν + ∂µFνσ + ∂νFσµ = 0

antisymmetry =⇒ −∂σFνµ − ∂µFσν − ∂νFµσ = 0

sum together =⇒ ∂[σFµν] = 0

(b)

The second field equation, in the form in (a), allows us to write Fµν = ∂µAν − ∂νAµ, then
the first equation can be written as

∂µ(∂µAν − ∂νAµ) = µ0j
ν

∂µ∂
µAν = µ0j

ν

Where Lorentz gauge ∂µA
µ = 0 was used. Definitions of the electric and magentic fields

through Aµ =
(
φ
c
, ~A
)

are

~E = −∂
~A

∂t
−∇φ ~B =∇× ~A

We derive Maxwell’s equations one by one

∇ · ~E = −∂∇ ·
~A

∂t
−∇2φ ∇ · ~B =∇ ·∇× ~A

∇ · ~E =
1

c2

∂

∂t

∂φ

∂t
−∇2φ ∇ · ~B = ∂iεijk∂jA

k

∇ · ~E = ∂µ∂
µA0c ∇ · ~B = εijk∂i∂jA

k

∇ · ~E = c2µ0ρ =
ρ

ε0

∇ · ~B = 0

∇× ~B =∇× (∇× A) ∇× ~E = −∂∇×
~A

∂t
−∇×∇ · φ

∇× ~B = ~eiεkij∂jεkmn∂mA
n ∇× ~E = −∂

~B

∂t
− ~eiεijk∂j∂kφ

∇× ~B = ~ei
(
δimδjn − δinδjm

)
∂j∂mA

n ∇× ~E = −∂
~B

∂t

∇× ~B =∇
(
∇ · ~A

)
−∇2 ~A

29



3 3.5

∇× ~B =
1

c

∂∇φ
∂t

+ ∂µ∂
µ ~A− 1

c2

∂2 ~A

∂t2

∇× ~B =
1

c2

∂2 ~A

∂t2
− 1

c2

∂ ~E

∂t
+ µ0

~J − 1

c2

∂2 ~A

∂t2

∇× ~B = µ0
~J − 1

c2

∂ ~E

∂t

(c)

The electric and magnetic fields

~E = −cF 0i~ei ~B = −1

2
εijkF

jk~ei =⇒ F ij = −εijkBk

are not tensors, but F µν is a tensor, so the components in two frames are related by

F ′µν = Λµ
ρΛ

ν
σF

ρσ

where

Λρ
ν =


γ −βγ
−βγ γ

1
1


ρν

Working in natural units c = 1 to simplify expressions

F ′ij =


−βγE1 −γE1 −γE2 + βγB3 −γE3 − βγB2

γE1 −βγE1 γβE2 − γB3 γβE3 + γB2

E2 B3 0 −B1

E3 −B2 B1 0




γ −βγ
−βγ γ

1
1



=


0 −γ2(1− β2)E1 −γ(E2 + βB3) −γ(E3 − βB2)

γ2(1− β2)E1 0 γ(βE2 −B3) γ(βE3 +B2)
γ(E2 − βB3) γ(B3 − βE2) 0 −B1

γ(E3 + βB2) −γ(B2 + βE3) B1 0


Sub in γ2(1− β2) = 1. Reading off values for ~E and ~B, and putting back c,

~E =

 E1

γ(E2 − vB3)
γ(E3 + vB2)

 ~B =

 B1

γ(B2 + v
c2
E3)

γ(B3 − v
c2
E2)


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(d)

The squared moduli of the fields are∣∣∣ ~E∣∣∣2 = c2F 0iF 0i∣∣∣ ~B∣∣∣2 =
1

4
εijkεimnF

jkFmn∣∣∣ ~B∣∣∣2 =
1

4

(
δjmδkn − δjnδkm

)
F jkFmn∣∣∣ ~B∣∣∣2 =

1

4

(
FmkFmk − F nkF kn

)
∣∣∣ ~B∣∣∣2 =

1

2
FmkFmk

F µνFµν = F 00F00 + F 0iF0i + F i0Fi0 + FmkFmk

F µνFµν = 0− 2

∣∣∣ ~E∣∣∣2
c2

+ 2
∣∣∣ ~B∣∣∣2

c2
∣∣∣ ~B∣∣∣2 −∣∣E2

∣∣ =
c2F µνFµν

2

The speed of light and the contraction of two tensors are both invariant. Therefore, c2
∣∣∣ ~B∣∣∣2−∣∣E2

∣∣ is an invariant quantity.

Example 3.6

The spacetime interval of an infinitesimal section of the worldline of the satellite is invariant

ds2 = gµν dxµ dxν

In the weak-field approximation, g00 ≈
(
1 + 2Φ

c2

)
= −g11

ds2 =

(
1 +

2Φ(r)

c2

)(
c2 dt20 − dx2

0

)
= c2 dτC

2

1

γu

(
1 +

2Φ(r)

c2

) 1
2

dt0 = dτC

Where τC is the proper time measured by clock on the satellite, and t0 the time measured at
a point Φ = 0 in Earth’s rest frame S0. Similarly, the proper time measured by the clock at
North Pole, which is at rest in S0 frame, satisfies

ds2 =

(
1 +

2Φ(R)

c2

)(
c2 dt20

)
= c2 dτC0

2
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3 3.7

(
1 +

2Φ(R)

c2

) 1
2

dt0 = dτC0

Finally, substituting in u2 = GMm
r

from Newtonian dynamics,

∆τC
∆τC0

≈ 1

γu

(
1 +

2Φ(r)

c2

) 1
2
(

1 +
2Φ(R)

c2

)− 1
2

≈
(

1 +
Φ(r)

c2

) 1
2
(

1 +
2Φ(r)

c2

) 1
2
(

1 +
2Φ(R)

c2

)− 1
2

≈ 1 +
1

2

[
Φ(r)

c2
+

2Φ(r)

c2
− 2Φ(R)

c2

]
≈ 1 +

3GMm

2rc2
− GMm

Rc2

Example 3.7

The two line elements imply metrics

gab =

(
x2

y2

)
and gab =

(
y

x

)

respectively. Exploiting the diagonality of the metrics, the only nonzero entries of the con-
nections are

Γabc =
1

2
gae(∂bgce + ∂cgbe − ∂egbc)

first manifold Γxxx =
1

x
, Γyyy =

1

y

second manifold Γxyy = − 1

2x
, Γyxx = − 1

2y

yielding curvature tensors

R d
abc = −∂aΓdbc + ∂bΓ

d
ac + ΓeacΓ

d
be − ΓebcΓ

d
ae

first manifold R x
xxx = 0, R y

yyy = 0 =⇒ R d
abc = 0

second manifold R x
xyy = −∂xΓxyy =

1

2x2
=⇒ R d

abc 6= 0

Therefore the first manifold is flat and the second is intrinsically curved.
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Example 3.8

(a)

Rabcd = gde

(
−∂aΓebc + ∂bΓ

e
ac + ΓfacΓ

e
bf − ΓfbcΓ

e
af

)
Using the symmetries

Rabcd = −Rbacd Rabcd = Rcdab R[abc]d = 0

In 2D there are 16 components in total,

12 components of the form R11·· = R22·· = R··11 = R··22 = 0

Remaining 4 components are related by R1221 = −R2121 = −R1212 = R2112

Therefore on the 2-sphere there is only one independent component, which we can choose to
be R1212

Rθφθφ = sin2 θ(−∂θ cot θ + ∂φ0 + 0− cot θ cot θ)

= sin2 θ

(
sec2 θ

tan2 θ
− 1

tan2 θ

)
= sin2 θ

(b)

The equation of geodesic deviation can be lowered to

gea
D

Du

Dξe

Du
= Rdbca

dxb

du

dxc

du
ξd

Substituting in ξa = (0, δ)T , xb = (πu, 0)T , the φ components of the left and tight hand sides
are

gφφπ

(
∂θ

Dξφ

Du
+ Γφθφ

Dξφ

Du

)
Rdbcφ

dxb

du

dxc

du
ξd

= sin2 θπ

(
∂θπ
(
∂θδ + Γφθφδ

)
+ Γφθφπ

(
∂θδ + Γφθφδ

))
=Rφθθφ

dθ

du

dθ

du
δ

= sin2 θπ2δ(∂θ cot θ + cot θ cot θ) =− sin2(θ)π2δ

= sin2 θπ2δ

(
− sec2 θ

tan2 θ
+ cot θ cot θ

)
=− sin2(θ)π2δ

=− sin2 θπ2δ =− sin2(θ)π2δ
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3 3.9

The θ components are

gθθπ

(
∂θ

Dξθ

Du
+ Γθθd

Dξd

Du

)
Rdbcθ

dxb

du

dxc

du
ξd

=π

∂θπ(∂θ0 + Γθθd
Dξd

Du

)
+ 0

 =0

=0 =0

Indeed both components satisfy the equation of geodesic deviation.

Example 3.9

(a)

In Newtonian gravity,

d2xi

dt2
= − ∂φ

∂xi

d2x̄i

dt2
= − ∂φ

∂x̄i

d2ζ i

dt2
= −

(
∂φ

∂x̄i
− ∂φ

∂xi

)
d2ζ i

dt2
≈ −ζj ∂

∂xj

(
∂φ

∂xi

)
d2ζ i

dt2
≈ − ∂2φ

∂xi∂xj
ζj

(b)

Starting with the equation of geodesic deviation, using D(êα)µ

Dτ
= 0 for parallel transported

vectors

D

Dτ

Dξµ

Dτ
= R µ

ναβ

dxα

dτ

dxβ

dτ
ξν

D

Dτ

D(ξα̂(êα)µ)

Dτ
= R µ

ναβ

dxα

dτ

dxβ

dτ
ξρ̂(êρ)

ν

D

Dτ

[
dxβ

dτ

(
∂β(ξâ(êα)µ) + Γµβνξ

â(êα)ν
)]

= R µ
ναβ u

αuβξρ̂(êρ)
ν
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3 3.9

D

Dτ

ξâ
D(êα)µ

Dτ
=0︷ ︸︸ ︷

dxβ

dτ

(
∂β(êα)µ + Γµβν(êα)ν

)
+(êα)µ

dxβ

dτ
∂βξ

â

 = R µ
ναβ u

αuβξρ̂(êρ)
ν

ξα̂
D(êα)µ

Dτ
+ (êα)µ

d

dτ

dξα̂

dτ
= R µ

ναβ u
αuβξρ̂(êρ)

ν

(êα)µ
d2ξα̂

dτ 2
= c2R µ

ναβ (ê0)α(ê0)βξρ̂(êρ)
ν

As promised by Fermi, the general intrinsic derivative can be reduced to a simple derivative
in a local-inertial coordinate system in the vicinity of a time-like geodesic.

(c)

In the weak field, time-independent Newtonian limit, assume (êα)µ ≈ δµα, τ ≈ t + O(
(
u
c

)2
),

gµν = ηµν + hµν , the equation of geodesic deviation becomes

d2ξµ

dt2
≈ c2R µ

ν00 ξ
ν

d2ξµ

dt2
≈ ηγµ

c2

2

(
∂ν∂γh00 +

1

c2
∂t∂thγν −

1

c
∂t∂γh0ν −

1

c
∂t∂νhγ0

)
ξν

d2ξi

dt2
≈ c2

2

[
1

c
(∂i∂th00)ξt −

(
∂i∂jh00

)
ξj
]

d2ξi

dt2
≈ −∂

2(c2h00/2)

∂xi∂xj
ξj

which is of the same form as the expression in (a).
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4

Example Sheet 4

Example 4.1 Killing’s equation

Given the metric components g′ab are invariant under infinitesimal coordinate transformation
xa → xa + ξa, remembering ∇agbc = 0, retaining up to first order only,

g′cd(x
′) dx′c dx′d = gab(x) dxa dxb

g′cd(x
′) =

∂xa

∂x′c
∂xb

∂x′d
gab(x)

g′cd(x
′) =

(
δac −

∂ξa

∂xc

)(
δbd −

∂ξb

∂xd

)
gab(x)

invariance =⇒ gcd(x) + ξe∂egcd =

(
δac δ

b
d −

∂ξa

∂xc
δbd −

∂ξb

∂xd
δac

)
gab(x)

−ξe∂egcd =
∂ξa

∂xc
gad +

∂ξb

∂xd
gcb

−ξe∂egcd = (∇cξ
a − Γaceξ

e)gad + (∇dξ
b − Γbdeξ

e)gcb

Rename some indices − ξe∂egcd = ∇cξd +∇dξc − (gadΓ
a
ce + gacΓ

a
de)ξ

e

∇cξd +∇dξc = 0

where from the second-to-last line to the last line the following was used:

∂egcd − gadΓace − gacΓade = ∇egcd = 0

(gadΓ
a
ce + gacΓ

a
de)ξ

e = ξe∂egcd

If the spacetime metric is independent of x0, we have (e0)a = δa0 =⇒ (e0)b = gbaδ
a
0 = gb0

∇b(e0)a +∇a(e0)b = ∇bga0 +∇agb0

= ∂bga0 + ∂agb0 − Γcbagc0 − Γcabgc0

= ∂bga0 + ∂agb0 − δd0(∂agdb + ∂bgda − ∂dgab)
= ∂bga0 + ∂agb0 − ∂ag0b − ∂bg0a + ∂0gab︸ ︷︷ ︸

0

= 0

Indeed e0 satisfies Killing’s equation.
If t is the tangent vector to a geodesic affinely-parameterised by τ ,

ta =
dxa

dτ
D(ξat

a)

Dτ
= tb

(
∇b(ξat

a)
)
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4 4.2 Dilation on a satellite

D(ξat
a)

Dτ
= tbta∇bξa + tbξa∇bt

a

D(ξat
a)

Dτ
=

symmetric︷︸︸︷
tbta

antisymmetric︷︸︸︷
∇bξa = 0

The intrinsic derivative of ξat
a is thus 0. Since ξat

a is a scalar, the intrinsic derivative coincides
with the directional derivative along the curve. Therefore, ξat

a is constant along the geodesic.

Example 4.2 Dilation on a satellite

(a)

The Euler-Lagrange equation for the Lagrangian L = gµν ẋ
µẋν is

∂

∂xµ

[
c2

(
1− 2µ

r

)
ṫ2 −

(
1− 2µ

r

)−1

ṙ2 − r2θ̇2 − r2 sin2 θφ̇2

]
=

d

dλ

∂

∂ẋµ

[
c2

(
1− 2µ

r

)
ṫ2 −

(
1− 2µ

r

)−1

ṙ2 − r2θ̇2 − r2 sin2 θφ̇2

]


0

2µ
r2
c2ṫ2 +

(
1− 2µ

r

)−2
2µ
r2
ṙ2 − 2r(θ̇2 + sin2 θφ̇2)

−2r2 sin θ cos θφ̇2

0

 =


2c2
(

1− 2µ
r

)
ẗ+ 2c2 2µ

r2
ṙṫ

−2
(

1− 2µ
r

)−1

r̈ + 2
(

1− 2µ
r

)−2
2µ
r2
ṙ2

−4rṙθ̇ − 2r2θ̈

−4rṙ sin2 θφ̇− 4r2 sin θ cos θθ̇φ̇− 2r2 sin2 θφ̈


Formally, the geodesic equation is

ẋµ∇µẋ
ν = 0

ẍν + Γνµγẋ
µẋγ = 0

The only nonzero coefficients can then be read off from the vector equation

Γtrt =
1

r2

µ
− 2r

Γrtt =
µc2

r2

(
1− 2µ

r

)
Γrrr = −

(
1− 2µ

r

)−1
µ

r2

37



4 4.2 Dilation on a satellite

Γrθθ = −
(

1− 2µ

r

)
r Γrφφ = −

(
1− 2µ

r

)
r sin2 θ

Γθrθ =
1

r
Γθφφ = − sin θ cos θ

Γφrφ =
1

r
Γφθφ =

cos θ

sin θ

(b)

The spacetime interval of an infinitesimal section of the worldline of the satellite is equal in
all frames. Wlog, put the free falling satellite in a geodesic of constant r and constant θ = π

2
.

The proper time on the satellite and the Schwarzschild metric time are related by

ds2 = gµν dxµ dxν

c2 dτ 2 = c2

(
1− 2µ

r

)
dt2 −

(
1− 2µ

r

)−1

dr2 − r2 dθ2 − r2 sin2 θ dφ2

c2 dτ 2 = c2

(
1− 2µ

r

)
dt2 − r2 dφ2

The geodesic equation is

−φ̇2r sin2 θ + ṫ2
µc2

r2
= 0

φ̇2 = ṫ2
µc2

r3

Combining both above

c2 =

[
c2

(
1− 2µ

r

)
− µ

r
c2

](
dt

dτ

)2

dt

dτ
=

(
1− 3µ

r

)− 1
2

The clock at rest at the north pole has θ = 0, φ = 0, r = R, its spacetime interval is

c2 dτ0
2 = c2

(
1− 2µ

R

)
dt2

Therefore, the proper times of both clocks are related by

∆τ

∆τ0

=
dτ

dτ0

=

(
1− 3µ

r

) 1
2
(

1− 2µ

R

)− 1
2

This result coincides with the weak field limit when µ = GM
c2

.
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4 4.3 Red shift

Example 4.3 Red shift

The frequency and energy of the photon as observed by Bob the falling emitter are related
by

hνe = Ee = gµνv
µ(re)p

ν

where p is the 4-momentum of the photon and v = dxB
dτ

is the 4-velocity of Bob. For a
massive body like Bob, vµvµ = c2.

c2 = gµν(r)v
µ(r)vν(r)

c2 =

(
1− 2µ

r

)
vtvt −

(
1− 2µ

r

)−1

vrvr

The geodesic equation satisfied by vµ can be used to solve for the components of v, which
can only be nonzero in r and t for a radially infalling particle.

0 =
dvµ

dτ
+ Γµαβv

αvβ

0 =
r2

µ

dvr

dτ
+

(
1− 2µ

r

)
vtvt −

(
1− 2µ

r

)−1

vrvr

0 =
r2

µ
vr

dvr

dr
+ c2

−µc2 1

r2
dr = vr dvr

vr = −
√

2µc2

(
1

r
− 1

R

)
vt = c

(
1− 2µ

r

)−1
√

1− 2µ

R

The energy of the photon observed by Bob can now be explicitly written as

Ee = c

√
1− 2µ

R
pt + c

(
1− 2µ

r

)−1
√

2µ
R− r
Rr

pr

prpr
(

1− 2µ

r

)−1

= ptpt
(

1− 2µ

r

)
pt = pr

(
1− 2µ

r

)−1

Ee =

[√
1− 2µ

R
+

√
2µ
R− r
Rr

](
1− 2µ

r

)−1

cpr
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4 4.4 Impact parameter

The photon momentum is parallel transported along its trajectory, using the fact t and r are
the only varying coordinates,

0 =
dpµ

dλ
+ Γβαβp

αpβ

dpr

dλ
= −Γrttp

tpt − Γrrrp
rpr

dpr

dλ
= − µ

r2

[(
1− 2µ

r

)
ptpt −

(
1− 2µ

r

)−1

prpr

]
dpr

dλ
= 0

where λ is an affine parameter such that pλ = dxµ

dλ
and in the last line pµpµ = 0 was used.

Therefore, pr is a constant along the null geodesic. The energy of the photon observed by
Alice is thus related to that observed by Bob by

pt(R) =

√
−grr
gtt
prR =

(
1− 2µ

R

)−1

pr(R)

ER = pt(R)utR

utR = c

(
1− 2µ

R

)− 1
2

ER =

(
1− 2µ

R

)− 1
2

cpr

EE
ER

=

(√
1− 2µ

R
+

√
2µ
R− r
Rr

)(
1− 2µ

r

)−1(
1− 2µ

R

) 1
2

Example 4.4 Impact parameter

Starting with pµp
µ = 0 for a photon in the equatorial plane(

1− 2µ

r

)
c2ṫ2 −

(
1− 2µ

r

)−1

ṙ2 − r2φ̇2 = 0

Since gµν is independent of t and φ, the first integrals of two corresponding components of
the geodesic equation are constants(

1− 2µ

r

)
ṫ = k r2φ̇ = h

A light ray “grazes” the surface of a massive sphere at r, so ṙ(r) = dr
dφ
φ̇ = 0. Substituting in,

0 = k2

(
1− 2µ

r

)−1

c2 − h2

r2
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4 4.5 Schwarzschild blackhole

h

ck
= r

(
1− 2µ

r

)− 1
2

Assume φ→ 0 (and hence φ̇→ 0) as r →∞. The impact parameter b is defined as

b ≡ lim
r→∞

r sinφ

Noticing

lim
r→∞

[
k2

(
1− 2µ

r

)−1

c2 −
(

1− 2µ

r

)−1

ṙ2 − h2

r2

]
= 0

lim
r→∞

[
k2c2 − ṙ2

]
= 0

lim
r→∞

ṙ = ck

The impact parameter can be calculated as

b = lim
r→∞

φ̇ cosφ

ṙ/r2

b = lim
r→∞

r2φ̇

ṙ

b =
h

ck
= r

(
1− 2µ

r

)− 1
2

For the sum, M� = 2× 1030 kg, R� = 7× 108 m,

b− r ≈ r

2

2µ

r
= µ

b− r ≈ GM�
c2

b− r ≈ 2.97× 103 m

The light rays coming tangentially from the edge of the Sun will cast a image of radius b at
infinity (ignoring diffraction). The Sun will seem bigger by about 3 km in radius.

Example 4.5 Schwarzschild blackhole

Consider the Schwarzschild metric

ds2 =

(
1− 2µ

r

)
c2 dt2 −

(
1− 2µ

r

)−1

dr2 − r2θ̇2 − r2 sin2 θφ̇2
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4 4.6

In region 2 where r < 2µ, the proper time change ∆τ between entering region 2 and reaching
the origin

c2 dτ 2 =

(
1− 2µ

r

)
c2 dt2︸ ︷︷ ︸

<0

−
(

1− 2µ

r

)−1

dr2 − r2θ̇2︸︷︷︸
≤0

− r2 sin2 θφ̇2︸ ︷︷ ︸
≤0

c dτ <

(
2µ

r
− 1

)− 1
2

(− dr)

∆τ < −2µ

c

∫ 0

1

√
r/2µ

1− r/2µ d

(
r

2µ

)
∆τ <

2µ

c

∫ π
2

0

sin θ

cos θ
2 sin θ cos θ dθ

∆τ <
πµ

c

is always less than πµ
c

.

Example 4.6

In an empty universe Tµν = 0 with vanishing cosmological constant Λ = 0, Einstein field
equation dictates Rµν = 0.

Rµν = −∂ρΓρµν + ∂µΓρρν + ΓρσµΓσρν − ΓρµνΓ
σ
σρ

The E-L euqations for the Lagrangian L = gµν ẋ
µẋν are the geodesic equations of the given

metric
−2c2t

[
χ̇2 + sinh2 χ

(
θ̇2 + sin2 θφ̇2

)]
−2c2t2 sinhχ coshχθ̇2

−2c2t2 sinh2 χ sin θ cos θφ̇2

0

 =


2c2ẗ

−2c2t2χ̈− 4c2tṫχ̇

−2c2t sinh2 χ
(
tθ̈ + 2t cothχχ̇θ̇ + 2ṫθ̇

)
−2c2t sinh2 χ sin2 θ

(
tφ̈+ 2ṫφ̇+ 2t cothχχ̇φ̇+ 2t cot θθ̇φ̇

)



0
0
0
0

 =


ẗ+ tχ̇2 + t sinh2 χ

(
θ̇2 + sin2 θφ̇2

)
χ̈+ 2

t
ṫχ̇− sinhχ coshχθ̇2

θ̈ + 2 cothχχ̇θ̇ + 2
t
ṫθ̇ − sin θ cos θφ̇2

φ̈+ 2
t
ṫφ̇+ 2 cothχχ̇φ̇+ 2 cot θθ̇φ̇


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4 4.7

The independent components of the Ricci tensor of a diagonal metric are

Rtt = −∂ρΓρtt + ∂tΓ
ρ
ρt + ΓρσtΓ

σ
ρt − ΓρttΓ

σ
σρ

Rtt = 0 + ∂t

(
1

t
+

1

t
+

1

t

)
+ 3

(
1

t

)2

− 0

Rtt = 0

Rχχ = −∂ρΓρχχ + ∂χΓρρχ + ΓρσχΓσρχ − ΓρχχΓσσρ

Rχχ = −1 + 2∂χ cothχ+ 2(cothχ)2 + 2− 3t
1

t
Rχχ = 0

Rθθ = − sinh2 χ+ cosh2 χ+ sinh2 χ+ ∂θ cot θ + 2t sinh2 χ
1

t
− 2t coshχ+ cot2 θ

− 3t sinh2 χ
1

t
+ sinhχ coshχ(cothχ+ cothχ)

Rθθ = + cosh2 χ− 1

sin2 θ
+ 2 sinh2 χ+ cot2 θ − 3 sinh2 χ

Rθθ = 0

Rφφ = −∂ρΓρφφ + ∂φΓρρφ + ΓρσφΓσρφ − ΓρφφΓσσρ

Rφφ = 0

Therfore this metric satisfies Rµν = 0. The spatial hypersurfaces are hyperboloids.
Consider the transformation

ρ = ct sinhχ t′ = t coshχ

which takes the metric to

c2 dt′
2 − dρ2 = c2

(
cosh2 χ− sinh2 χ

)
dt2 + c2t2 sinh2 χ dχ2 − c2t2 cosh2 χ dχ2

c2 dt′
2 − dρ2 = c2 dt2 − c2t2 dχ2

ds2 = c2 dt′
2 − dρ2 − ρ2(dθ2 + sin2 θ dφ2)

which is indeed the flat Minkowski spacetime expressed in spatial polar coordinates.

Example 4.7

Both velocities v1 and v2 satisfy

gµνv
µvν = c2

γ2
vc

2 − gijvivj = c2

gijv
ivj = (γvv)2
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4 4.8

In an FRM universe, the metric takes the form

ds2 = c2 dt2 − a2(t)

[
dχ2 + s2(χ)

(
dθ2 + sin2 θ dφ2

)]
. Wlog assume vφ = vθ = 0 The geodesic equation gives

dvµ
dτ

=
1

2

(
∂µgαβ

)
vαvβ

dvχ
dτ

= 0

The 4-velocity components are therefore related by

vχ = gχχvχ

γv1v1

γv2v2

=
gχχ(t2)

gχχ(t1)

γv1v1

γv2v2

=
a(t2)

a(t1)

As v1 → c

hν1

hν2

c

c
=
p1

p2

ν1

ν2

=
a(t2)

a(t1)

Example 4.8

The Friedmann equations are

ä

a
= −4πG

3

(
ρ+

3p

c2

)
+

1

3
Λc2

(
ȧ

a

)2

=
8πGρ

3
+

1

3
Λc2 − Kc2

a2

If Λ = 0, the conditions ρ > 0 and p ≥ 0 mean that ä 6= 0, i.e. the solution is nonstatic.
If Λ 6= 0, the first equation for a static, pressureless solution is

4πGρ = Λc2

the second equation becomes (
ȧ

a

)2

= Λc2 − Kc2

a2
= 0

44



4 4.8

aeq =

√
K

Λ

Therefore a static solution exists. Conservation of energy and momentum implies ρa3 = B
where B is a constant. Substituting in,

ä = −4πG

3

B

a3
+

1

3
Λc2

At a = aeq,
d2ä
da2

< 0, so the solution is unstable.
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